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ForthogonaT 

CURVILINEAllI 

COORDINATES 


. Meaning of orthogonal curcilinear coordinates. 

coefficients. Gradient, divergence, curve and Laplacian e ms of orthogonal 
curvilinear coordinates. Expression for gradient, divergence, curl and Laplacian In 
cartesian coordinate system. 

• Cylindrical coordinates and expression for gradient, divergence, curl and Laplacian 

in cylindrical coordinates. '* 

• Spherical polar coordinates and expression for gradient, divergence, curl and 
Laplacian in spherical polar coordinates. Velocity and acceleration in cylindrlcA 

system 

3.1 MEANING ORTHOGONAL CURVILINEAR COORDINATES 1 

v and w which swfecw expr^sed^ ^ ^ Pa “"’ 

in do Tp’ V C ' (COnStant) ’ w = c , (constant) intersect 
A )f,heregi -. lvalues ofu,vandwatc 

^retr m " C0 ° r ^ Of ^.^he.hreesurJ 

intersect in paj^J^ 6 SUrfaCes - The three surfaca 

y v = c 2 (constant), w = ****** CUrves ' So for u cuW j 

w “ c,. u = r c ° J constant )- Similarly for v curve, | 
‘1 C !' For W curve 



v ' w J.y=yfu, v ,w), 2 = 2(uv> 


The r cctanJ ar CUrVe ’ “ = C " V = c - _ 

spa< * is ex pressed coor dinates (x, y, z) of point P » 

• Unchons of(u,v.w).Thenx = x(«, 
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orthogonal Curvilinear Coordinates 


as u = u(x 


z) , v = v(x, y. *). 

r* y 2 U — ✓ 7 

or we get the values of u, v and w in term o 
> w(x, y, z). . . p y z) then the curvilinear 

If the coordinate surfaces intersect at right angles at every p 
coordinate system is called the orthogonal curvilinear system of coo w respectively, 

Let ei, e 2 and e 3 be unit vectos along the tangents to the coordinate c 
at point P directed along the increase of u, v and w. So they form right ^ ^ ^ - * 

So, ei.e 2 =e 2 .e 3 =ei.e 3 =0, ei.ei =e 2 .e 2 -e 3 .e 3 l, e 2 . metrical co- 

Let us introduce three numbers h., h 2 and h 3 known as scale factors 


efficients as, h, = 


— > 


— > 


-» 

dr 


dr 

and h 3 = 

dr 

, h, = 

dw 

du 

* Z 

dv 



where, r = ix + jy + kz. 

—^ 

d r 2 dx * dy r dz 
• — = i— + j — + k — 
du du du du 


So, h! = 


dr 


du 


dx 

du 


\ 2 f ( dz ^ 2 


+ 


dy 

v duy 


vdu j 


Similarly, h 2 = 


dr 


dv 


"dx" 


2 ( Pn .rV f dz "' 2 


+ 


dy 

V dv J 


+ 


dv ) 


and h 3 = 


dr 

dw 




vdw j 


^ dw J vdw 


at point P is —, But e, is the unit vector in this direction. 
F du 


The tangent vector to u curve 
dr 


_ dr 

Then — = 
du 


du 


ei =h,ei 


Similarly, 


^I = h? e 2 and~ = h 3 e 3 


dr_ 

dv ' dw 

Gradient in terms of Orthogonal Curvilinear Coordinates : 

Let * (u, v, w) be any scalar point Function, and e ,, e: and ej are the mutually ort ogon 
vectors along the tangents to the coordinate curves u, v and w respectively. 
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So w, write 

where, <j>,, <t> ; »»nd <|>, » rc 

The position vector is r*r(u,v,w) 

• dr«—du + ^-dv+T" ( * w 

&i dv fw 

«=h|e,du + h 2 e 2 dv + hjejdw 
V^dr-h^du + h^jdv + hjMw 

or d<|> = + h 2 <|> 2 dv + h 3 <}) 1 dw 

But the differential is d<t> = ++ 5w 
Hence from equation (3) and (4) we get, 



u h,au ' hl ^ + k^ e > 
which is the required expression, 

No ‘ e - If* = u then, V*.Vu-l®*: * 

■ h,5u e,/h ' 

^ "“ofOrthogoM, Curvilinear C «^. 

■ 

e i,e 2 ande 3 respectively. 8 ^onentsA,, 

s °,A=A 1 e 1 +A ! J J+A J ,, 

, +4./: , 

or AsA h h \7 2 \ 3 * e i) + A, (\ 

A,h 2 h,Vv x Vw + A !hih5 ’ 5 V 

WX VU+A Li Z* 


N 


'-•(3 

-■(4 


-(S’ 


•( 6 ) 


■•( 7 ) 


•( 8 ) 


\ an d A 3 along unit vectors 


w - ' e,X * J ) 

^Vtt + Au - - 

A M 2 V Ux $ v 
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nrih oaonal Curvilinear Coordinates 

t - 1 
P A -> A —f A ^ I 

{using ei = h,Vu,e2 =h 2 Vv,e3 = h 3 VWj 


r 

) 


So, V. A = V .^A,h 2 h 3 V v x V w + A 2 h,h 3 V w x Vu + A 3 h,h 2 V u x V v 
or V.A = V|A,h 2 h 3 VvxVwj + V|A 2 h,h 3 V w x V u j + V|A 3 h,h 2 VuxVv 


.( 1 ) 


But from the vector identity, v. <{> F | = <|> V. F+ V <t>. F 


So, V | A,h 2 h 3 V v x V w j = A,h 2 h 3 V .(v v x V w j + V ( A,h 2 h 3 ). V v x V w 

Again we use the identity, V.l BxC J = C.VxB-B.VxC 
Then, v|vvxVwj = Vw.VxVv-Vv.VxVw 

= 0 as Vx V v = 0, VxVw = 0 

Then equation (2) becomes, V/A,h 2 h 3 Vvx Vw^J = V(A,h 2 h 3 ).VvxVw 


or V. A^VvxVw = VvxVw 


\v(A,h 2 h 3 ) 


= V v x V w. 


A,h 2 h 3 ) V u +|-( A t h 2 h 3 )'V v + -£-( A,h 2 h 3 ) V w 


du 


dw 


-► -> -► O / - , \ -► -> 

= VvxVw.Vu.—(A 1 h 2 h 3 j ^ VvxVw.Vv = 0,VvxVw.Vw = 0 
du 


A A A 


A _^ ^ ^ 

= — x—■ -(A,h 2 h 3 ) using Vu = ei/h 1 ,Vv = e 2 /h 2 ,Vw = e3/h 3 

h 2 h 3 h, du 


A A A A \ 

_£i£l_.JL(A 1 h 2 h 3 ) (v e2xe3=e,J 

h!h 2 h 3 du 

^ 1 d_ 

du 


U„ V.l A,h 2 h 3 VvxVwj = — -(AM,) 


Similarly, V.f A 2 h 3 h, VwxVu 


A 


1 d 


h,h 2 h 3 dv 


(A 2 h 3 hj) 


..( 2 ) 


■( 1 ) 


....( 3 ) 
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and V.f A,h,h, Vu * V v]» - r— (A|h|h ; ) j. 

{ J h,h;h ( rAv o 

Pulling these values in equation (I) we gel, 

V A- ‘ f " (A,h J h,) + £(A 2 h,h 1 ) + ~;(A,M 2 ) 
h,h 2 h, r)u Ov (rw J 

which is (he required expression. 

Curl in terms of Orthogonal Curvilinear Coordinate* : 

Let A (u, v, w) he vector point function given in terms of Orthogonal (.urvilincar Coordinate, 
u, v and w. If A,, A ; and A, be components of y along ei,C 2 and e» the unit vectors along u, v a^j 
w axes then, A » A,ci + A 2 e 2 + A,Ct • 

= h,A, Vu + h 2 A 2 Vv + h,A 3 V w as ei =h, V u,C2 = h 2 V v,e^ = h^ V w 
So,VxA = Vx h,A, Vu + h 2 A 2 Vv + hjA 3 Vw 


+ \ ~+ 


i.e., VxA = Vx h|A, Vu +Vx h 2 A 2 Vv +Vx h^A^Vw 


* \ -* 




From vector identity Vx <j>F = <J> Vx F+ V<|>x F 


Then, Vx^h.A,VuJ = h l A I VxVu + V(h,A 1 )xV U 

= V(h,A,)xVu as VxVu = 0 

or, Vx(h, A , Vu) = i.( h , Al )Vv^u + ± (hlAi) v w ^ u . ^ 


^ (h,Ai, rri( h ' A ')r4 


1>, h, 


using Vu = -^- i Vv=—^w = ii 


or Vx M,Vu = -JLi./ h A 1 s 

J h,h; ^' h|A ') e! + rr£- (hl A, ) e 2 


Scanned by CamScanner 
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1 a 

Similarly we have, Vx h 2 A, Vvl =-!-—(h 2 A 2 )ei + ~~(h 2 A 2 )C3 

V ‘ ) h 2 h 3 aw h|h 2 cti 

Vx(h lA) Vw] = -^|_ ( h jAj) + A_|. (hj A j) 

Substituting equations (2), (3) and (4) in equation (1) we get, 


or Vx A = 


hiei h 2 e2 h 3 e3 

1 d d d 

h,h 2 h 3 Ou dv dw 

h,A, h 2 A 2 h 3 A 3 


i 

Laplacian operator (V 2 ) in terms of Orthogonal curvilinear coordinates. 

Laplacian operator is given by y 2 = V V 

/. V 2 <J) = V.V(j) 

But if we consider a = V <j) 

then V 2 <|) = V.A = ——— -^(A,h 2 h 3 ) + — (A 2 h 3 h,) +—(A 3 h,h 2 ) 

h|h 2 h 3 [_5u 5v dw J 

in term of orthogonal curvilinear coordinates, 


Here A = V* = J-£e, + ^£e, + ^£e ) =A , e 1 + A 2 e 2 + A,e ) 

i a<t> A _ 1 ^ a = _L^t 

=>A|= ^^’ 2 = h 2 Sv’ 1 ~ hj ow - 
Equation (2) therefore becomes, 

2 1 5 ( 1 h \±( ±^ hjhl V—f--^h,h 2 ll 

J svUsv J awUaw JJ 

i f——1 

ie ’ ^“h^M h. to) Svt h 2 3vJ Swl, hj 3wJ_ 

which is the required expression. 


V 2 <j> = - 


h 3 aw 


....(4) 
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Expression for gradient, divergence, curl and laplacian operator in cartesian 

coordinate svstem (Rectangular coordinates). 

For Cartesian coordinate system or rectangular coordinate system we use transform^ 

equations, u = x, v = y, w = z. 


Then, h, = 


(fa] J fa 

cto j v du 


‘ 2 fdz ' 1 


du ) 


t dx dy_ dz 

becomes h, = l as —- -1 -t - = 0 

dx ox d u 


Similarly, h, = l,h,= 1. 

The expression for gradient in orthogonal curvilinear coordinates is given by, 

, 1 1 5<j) - 1 

V*<b =--ei +--e 2 +-— e 3 

h, du h 2 dv h 3 dw 

So in Rectangular coordinate system, 
u = x,v = y,w = z,h, = h 2 = h J =l 

A ^ . A ^ A A 

ei = i along x axis e 2 = j along y - axis and e 3 = k along z axis. 


So, V* = i^ + j^ + k^ 
_dx dy dz 


Similarly divergence of vector £ is represented in the orthogonal curvilinear 


VA “ h,h 2 h, [su' (i ^' + ^ A ’ h > h ')'+ £( A,h,h z ) 


1 r e ,.. _ , d 


system as 


or 


V.A = 


dA^dAz dK A 

dx dy dz 


Also curl of vector function in orthogonal curvilinear 


Vx A = -—L_ 
h,h 2 h 3 


h i e i h 2 e 2 h 3 e 3 

_d_ _d_ $ 

fa fa dw 

A i h i A 2 h 2 A,h 


3 u 3 


Putting h 1 =h 2 = h ] = j >u = 


coordinate system is given by, 


Vx A = 


x > v ~y,w = 2j * ? - - 

r , * 2 J an d e 3 = k we get, 


J k 
d__ d 
d* fy dz 
A 1 A 2 A 3 
finally expression for laplacian i 


morth «8onal curvilinear 


cordinate system is given by, 
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V 2 <|) = 


h,h 2 h 3 


Ou 


h 2 h 3 tty I d_ 
^ h, c5u d\ 


' h 3 h, h|h 2 ^ 

^ ^2 


du J 'Owl h 3 dw 


E ^ • , s fadA d (d*V d (d£) 

For cartesian coordinate system we get, J + feUJ 


\dyj 


or 


ax 2 ay 2 + az 2 


-axis as common 


3.2 CYLINDRICAL COORDINATES 

In the circular cylindrical coordinate system the three curvilinear coordinates (u, v and w) 
are specif iGd by (r, 9, z), such that it consists of (a) Right circular cylinder with Z- 

axis with r = yjx 2 + y 2 = constant. 

(b) Half planes through Z-axis with 

y 

0 = tan -1 — = constant 
x 

(c) Planes parallel to xy plane, z = constant. 

Figure shows a point P in space with cartesian 

coordinates (x, y, z). 

r = o'p is magnitude of radius vector PM 
is parallel to Z-axis, with OM parallel to O'P 
Z MOX = 0. 

In the following figure shown, consider A OSQ 
( Z OSQ = 90°). 


COS0 = 


OS 


OQ 


>OS=OQcos0 


x = r*cos 0 


Also sin0 


SQ 

OQ 


or sin0 = — 
r 


y = r sin 0 


and 


z = z 
t 



n \ (7) and (3) are transformation equations between rectangular 

So for cylindrical coordinates u r, v 0, w 


ei =e r ,e2 =ee,e3 -e* 
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Modern 


College 


The scale factors arc found as follows, 
h, * h, ■ 




dr / 


Or 


= yj( cost))' +(sin0) 2 + o -1. 


Ox 


\ 2 /a, V (07, 


h, =h„ = Jl — + 

<70 J 


Sy 

kOQj 


+ l 50. 


= yj(- rsinG) 2 +(r cos0) 2 + 0 
or hj = h, = r 



h 3 =h z =, 


2 /^-\2 


fej {dz) 


\dzj 


= 1. 


► 


Now we are able to find expressions for various differential operators in cylindrical coordinates 
as discussed below. 

Gradient: The expression for gradient in orthogonal curvilinear coordinates is given as, 

AAA 

^^ ei <3tf) e2_ 5<J) e3 <3(f> 

' 1 A 1 /A 


h, du h 2 dv h 3 dw 
So, using u = r, v = 0, w = z. and putting values of h p h, and h 3 

V7i. S(j) A 1 $<{) A <9(j) - 
we get, V(() = —e r +--Je e +^e z 
Sr r S0 dz 


•( 4 ) 


Divergence : 

The expression for divergence in orthogonal curvilinear coordinates 

]+ ^ (A2h3h ' f + i;(‘ 

So in cylmdricai coordinate system we have, 


is. 


V.A=I|i.UrU d . d 


or V.A = 


ill 

1 S, 


iil (A ' r)+ ^) + |(A 3 r) 


■A= ; |tA,r) + ’^ + ^ 

Tdr r ae 


Curl: In ort hogonal curvilinear 


SO dz 

coordinates 


•( 5 ) 


Vx A = ■ 


h,h 2 h 3 


T 1 h A h,;, 
A A a 

h|A ‘ hjAj 
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♦ -► j 

Vx A = I 

r 


c ' re 0 q 7 

i. i_ d_ 

f> az 
A * r A 2 A 3 


dA, 3A, 


orVxA = fl^!A 3 dA 2 V 

, .. , u “"s-rnif- 2 ? 

Laplacian : In orthogonal curvii;„ 

b idi curvilinear coordinates 

1 


e, + ifl(rA 2 )-^^ 

r Vdr ' 00 


.( 6 ) 


V 2 (|) = 


h,h 2 h 3 


5 ( h 2 h 3 3<J)^ =i f 


du 


V hj du 


d ( h 3 h, ^ d ' 


J 


d\ 


So, m term of cylindrical coordinates, 
1 


V 


h 2 dv 


5w 


h,h 2 5 (j) ^ 
V h 3 dw 


V 2 <J) = - 
r 

= 1 
r 


.dr v dr J 


+ df a<|> 

50 vr doj dzy dz 


T &± a* ia 2 <j> a 2 (b 

L dr 2 ar 7ae r+r a^ 

V 2 (J) = ^ + I^ + 15^ + d^ 

dr 2 r dr r 2 dQ 2 + dz 2 


•(7) 


3.3 SPHERICAL POLAR COORDINATES 

„ - L - T (X ’_\ Z) b f any P ° mt m Space ' ^ he s P herical P ol ar coordinates of point P afe given bv 
u r, v - 0, w - <J>, where r = OP is distance of point P from the origin. 81 y 

0 is the angle which OP makes with Z-axis. <|> is the angle between 00 and X-axis 
In A OPR; Z ORP = 90° v<mu^axis. 


COS0 


OR 


OP 


OR = OP cos0 


z = r cos 0 


PR 

sin 0 = — => PR = OP sin 0 
OP 

=> PR = r sin 0. 

=> OQ = r sin 0. 

Also in A OSQ; Z OSQ = 90° 

QC 

Then cos <t> =-=> OS = OQ cos <j> 

OQ 


x = rsin0cos<j> 
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~Ai 




2 = constant 


Hence x‘ +y 


eT family of spheres with centre at origin 


gives 
Also 0 = cos 

vertex at the origin. 
And <j> = tan 


->1 = 008 -' 


= constant describes the right circular cones with 


/x 2 + y 2+z 




= constant gives 


half planes through the polar 


axis i.e., z-axisr 


vx; . 

So, in this case u = r, v = 0 , w = <j> and e, = e r , e 2 = ee ,e 3 = e* 
From transformation equations, 

— = sinecos<t) — = rcos0cos(|> — = -rsin0sin(t) 

dr 30 3<|> 

— = sin0sin(l> — = r cos0sin<)) — = rsin0cos<|> 

dr 30 3(j) 

3z _ 3z . A 3z „ n 

— = cos0 — = -rsin0 — = 0. 

dr 30 3()> 

Then scale factors are given by, 


h? = 


( 3xV ravV f&Y 


If 


V or 
2 


3y 

V3r; 


+ 


\3r 


= sin 2 0cos 2 <j>+sin 2 0sin 2 <|) + cos 2 0 


i.e., h? = 1 or [hj = 1 

\ 2 / 

h 2 =|- 


3xY fdvY f a z v 


39 


+ 


V30; 


+ 


130 


r 2 cos 2 0 cos 2 <|> + r 2 cos 2 0sin 2 <J> + r 2 sin 2 0 


=> h 2 =r 2 => 
d\ 


h 2 =r 


h? = 


( ^ \ 2 


v3(|>y 


+ 


Jdz ^ 2 


\d<j>y 




Sln2Bsin2 ^ + r 2 sin 2 0cos 2 (J) 
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or, h, » r 2 sin 5 0 > |h, =rsmO| 

Dillciential operators in spherical polar coordinates arc found out as described below. 

A 

r a rad lent • Vf Ci 0f 

oraaicn . t + —— in curvilinear coordinates. 

n i n, f)v h, rnv 

using u - r, v - 0, w ■ <J>, h) * 1 h 2 * r, h, * r sin 0. 
i.c., Vf = c r 2t + e '’ (>i . Of 


59 


<> Co 
I.C..V * Cr + —- 

0r 

•> f 

Divergence : V.A = 


dr 


5 co d e 4 d 


r dO rsinO 0<j» 

_ 0 _ 

a<t> 


—+~ _n_ 

dr r dO r sin 0 od> 


» -•» \ 
V.A = 


o 

cm 


(h I h s A,) + |-(h J h l A J ) + -|-(h 1 h 2 A,) 

\_cj\x c\ erw 

in curvilinear coordinates which in spherical polar coordinates becomes 

|( r > i „0A,) + A( rsin9 A ! ) + A (rAj) 


r 2 sinO 
£r 


i. c .,V.A=l-^(r 2 A 1 ). 
r dr ' 


1 


6 


rsin0 £0 


(sin0A 2 ) + 


0<j) 

1 0A 3 

rsinG ocj) 


.(5) 


.( 6 ) 


* -» 1 
Curl : V x A = 


h|h 2 h, 


-♦ -t 

becomes V x A = 




1 


r 2 sin 0 


AAA 

h,ci h 2 e2 h 3 e3 

o_ d_ "o_ 

0u 0v 0w 

A|h, A 2 h 2 A 3 h 3 


A A a 

c r rco rsin0e 4 

_a _s_ _a_ 

0r 00 0<j> 

A, rA 2 rsinGAj 


Le.,V*A = 

ll 


r 2 sin 0 


yer--i-^(rsin0A,)-|-A, 
(X «P 


(r»inOA,)--rr( rA 2) 

| <50 <4 

laplacian : In term of orthogonal curvilinear coordinates 


|re. + ^(rA ; )-^] r « n ee. 


•(7) 


V 2 f = 


h,h 2 h 4 


■ 0 

( h 2 hj df I 

M 

h ^ h i ^ V JL( 

h,h 2 

0f \ 

0U 

l h, 0uj 

0V1 

h 2 0v J 0W 


0W J 
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In spherical polar coordinates wc fcc , 


V J f = 


1 


r 2 sin 0 


1 


5r 


r sin 0 


an d 


dr) 


+ 


50 


5f 


I 5f 

sinOdf 


Q 3( * 5f 
sin0— r — 
5r\ dr 


50 


" n W# 

s,n0 S + sin0 3f. 


, 5f 


1 


af. n 5f 

smO 


1 5 2 f 


r sinO 

OT vJf 4l[ r tJ + ^l stae ^J + ^e^ 

Velocity and Acceleration In cylindrical coordinates 

m _^ a a a 

The position vector J in cylindrical coordinate is r = ix + jy + kz 
where x = r cos0 y = r sin0 z = z. 

r = it cos 6+jr sin 0 + kz . (1) the unit vectors e r ,e e are given by 


.( 8 ) 


5r 

e. = = cos 0i + sin 0j, e 0 

5 r 


5r 

ae 


5r 


5 r 


50 


= -sin0i + cos0j 


So 


equation (1) becomes r = r (i cos 0+j sin 0 j + kz 


=>r = re' r +kz 

So velocity in cylindrical coordinate is given by => v = ll = ±1 - M 

„ dr , * dt' re ' +kz J 

i.e v-e. + r —( e ) + k— 

dt 

But—'- ' d 


( 2 ) 


r dt dt 

dt( er ) = j[ cos0 i + si n0j 
= © [—sin 0 i + Cos 0 j J 


( 3 ) 


—sin00i + cos0 0j where - = d0 

dt 


or —(e ) = 0e 
dt V r) 0 


W Also using i = ; 


Equation (3) gives v = r 5 • .. 


in 


cylindrical coordinate. 


( 5 ) 
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Orthogonal Curvilinear Coordinates _ 

Acceleration : The acceleration is given by 


01 


d v d 
dt dt 


re r +r6e 0 + zk 


. d 


re r +r—(e r ) + r 0e 0 + r 6—(e 0 ) + f6e 0 + z k 


dt 


( 6 ) 


dt^ 9 ^ dtt + c °s9jJ- cos0i-sin0j =-0^cos0i+sinG^J = -0e f 


or 


l&l-es. 


(7) 


equation(6) becomes a = Ve r + ’r 6 e e + r0e o + r^-Oe, ) + rte, + zk (using eq"(4), ( 7,1 


i.e 


-► 

a = 

r .. -a 

r-r0 2 

V , 

A 

e r + 

f .. • 

r0+ 2r0 

e 0 +zk 


(8) 


* - - u* a pai u^ic in cymiui ioai cooruinaies. 

Velocity and acceleration in spherical polar coordinates 

The position vector -+ in spherical polar coordinate is given by 7 = ix + jy + kz 
where x = r sin0 cos<|) 
y = r sin0 sin<j> 
z = r cos0 


/. r = irsin© cos (}> + jr sin 0 sin 4> + kr cos 0 
The unit vectors e r , e 6 and e 4 along r, 0 and <p are 


■ 0 ) 


dr 

_ dr _ 


dr 


dr 


= sin 0 cos <|>i + sin 0 sin <(>j + k cos 0 


as 


dr 


dr 


= -y/sin 2 0cos 2 (}> + sin 2 0sin 2 <f> + cos 2 0 = 1 


dr „ - 

^ rcos0cos4)i +r cos0sin(|)j-krsin0 


dr 

n 

ae 



^ r 2 ( C os 2 0cos 2 <|> + cos 2 0sin 2 <t> + sin 2 0) 


M A 4 * f 

= cos 0 cos 4>i + cos 0sin <bj _ k sin 0 


i 
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Afr -rsin0sin^ij^££‘5£^i^s-sin < l) i + coS( ^ 

e+ = i^" = 


using value of e r in equation (1) we ge ^r—_j. 


: 44k)=^ + 4 (s ' } 


So the velocity is given by v = — dt r dt v 

-> • * d /a \ ........ 

orv = re r + r—(e r ) 

Now ^(e r ) = ^sin0cos<{>i + sin 0 sin<t>j + kcos 0 j 

or (e r ) = cos 0 0 cos ())i - sin 0 sin (|)<i) i + cos 0 0 sin (|)j + sin 0 cos (j) j + k ( - sin 0) 0 
or ^ (e r ) = 0 j^cos 0 cos <|>i + cos 0 sin <|)j - sin 0k J + <j> j sin 0 cos (j) - i sin 0 sin (j> J 


or ^(e r ) = 0e 6 + ( j )sin0 e^ 

So using equation (4) in equation (3) we get 


dt U; e 0 +<psm«e^ .( 4 ) | using values Qf ^ and - ^ 


v ~ re r + r 0e 0 + <j)sin0e. 


or lv = re r +r0e e +rsin0(i> e t 

Expression For Acceleration 


(5) which is the expression for velocity of 
particle in spherical polar coordinates 


The acceleration is given by a = = _!['‘ - ' 

dt dt | rer+r0e e +rsin0(j)e 


or a = lf; 6 Vif r AO 

dtl r J + dtr e eJ + ; 

or a = re 


5l rsin 0(t>^ 


dt (® r ) + r 9e e + r 0^ +r Q_d, . 

dt l e 0) + rsm0(t)( 

+r “ s 0ek + r sine ^ ( . u . .. 

dt^ ♦) +rs mee <|> 
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N° w ~~j^cos9cos<|>i + cos0sin<|>j-ksin0j 

• m m • A ^ /\ A 

= — sin90cos<(>i -cos0sin<fxf>i -sin90sin<jij + 4> cos 0 cos <|>j kcos00 
or 0j^sin0cos<|)i -f sin0sin<j)j + cos0kJ + <}>cos0^-sin<t>i + cos<J>jj 


9e r +<|>cos9e^ .(7) {using values of e r and } 

d /„ \ d / , ^ 

Als ° dt ^ = ^l~ sin<t>i +cos< i > j) . (8) 

* A * ^ 

= — cos (|) <j> i - sin (j) (j) j 

So using the values of — (e r ),—(e e ) and-^-^) in eq n (6) we get 
a = r e r + r^0e 9 + <j>sin0e^ + r0e 0 + r0e e +r0^-0e £ + <j>cos0e 4 j 

+ r sin 9 <j) e^ + r cos 0 0 <{> e + + r sin 9 <j> cos <{) 4> i - sin <{> 4> j^j + r sin 0e 4 (j> 

=> a = re r + r0e 0 +r^)sin0e + + r0e e + r0e 0 -r0~e r + r9<j)cos0e + 

+rsin0e + <j>+rsin0.<|)e + + rcos09<|)e^ — 4> rsinOlcos(|>i + sin4>j) 

=> a = re r - r<j> 2 e r + r0e 0 + r0e e +r0e e + r^sin0e + + rO^cos0e^ 

+rsin0<j)e 4 + rcos0<i>e + -<j> 2 rsin0(sin0e r +cos0e 6 ) 

jv cos<()i + sin<J)j = sin0e r +cos0e 0 | 

- • ■ l2 y 

r0+2r0-rsin0cos0<J> e 0 


=> a = 


r 


r 

r-r0 -<t> 2 rsin 2 0 ' 

e r + 


) 

V 


J 


+ rsin 


0 ^+ 2 r<j)sin 0 + 2rcos04>le + 


(9) 


j 


which is the expression 


for acceleration of a particle in spherical polar coordinates. 
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